Abstract. This note describes a canonical way to orient the Heisenberg 3-manifold.
The Heisenberg manifold M 3 is an example of a nil manifold with a minimal model consisting of classesx,ŷ,ŵ in degree one and dŵ =x∧ŷ. The classesx andŷ are a basis for the 1-cocycles. If x and y are the corresponding cohomology classes they are a basis for H 1 . The cohomology class of the cocyclex∧ŷ∧ŵ is a generator of
with r > 0. The theorem below shows the orientation is canonical.
Define a pairing H 1 × H 1 → H 3 as follows. Let x 0 and y 0 be any two elements in H 1 . Choose 1-cocyclesx 0 andŷ 0 whose cohomology classes are x 0 and y 0 respectively. Since x 0 ∪ y 0 = 0 ∈ H 2 , there existsŵ 0 such that dŵ 0 = x 0 ∧ y 0 . Define ≪x 0 , y 0 ≫ to be the cohomology class of x 0 ∧ŷ 0 ∧ŵ 0 . The next theorem shows this pairing is well-defined.
Theorem. For any two elements x 0 , y 0 in H 1 , let A be the matrix expressing these classes in terms of the basis x, y. Then ≪x 0 , y 0 ≫ = (det A) 2 ≪x, y≫. Hence the pairing is well-defined and the canonical orientation can be determined from any basis for H 1 (M; Q).
Proof. Let x 0 = ax + by and y 0 = cx + dy so det A = ad − bc. Since the map from the 1-cocycles to H 1 is an isomorphism, the only choices for 1-cocycles arex 0 = ax+bŷ andŷ 0 = cx+dŷ. Thenx 0 ∧ŷ 0 = (det A)x∧ŷ. Any choice forŵ 0 must be of the form (det A)ŵ + px + qŷ. Check
Remark. The pairing ≪x 0 , y 0 ≫ is equal to 1 2
x 0 ∪ y 0 , x 0 , y 0 where y 0 , x 0 , y 0 is the Massey triple product. Hence the canonical orientation can also be determined using singular cohomology or de Rahm cohomology.
